
 These slides/notes represent only part of the course, and were 
accompanied by face-to-face explanations on white-board and 
additional topics / learning materials.

 In preparation of these slides I have also benefited from various 
books and online material.  

 Some of the slides contain animations which may not be visible 
in pdf version.

 Corrections, comments, feedback may be sent to 
https://www.linkedin.com/in/naveedrazzaqbutt/
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Introductions …

• Me

• You

• The Course



GIK Institute

BS in Engineering Sciences

[1998 - 2002]



Automation Engineer [2002 - 2004]

Riyadh Water Transportation System's SCADA upgrade project



MS Student/Staff 

[2004 - 2006]

MS in Systems Engineering 

Thesis in nonlinear modelling & control

Teaching (labs: DSP, Control) 

KFUPM



LTH

• Positions: PhD Student/Staff, Postdoc, Research Associate

• PhD in Engineering (focus: Statistical Modelling & SP)

• Teaching + Research

[2006 - 2014]



Ericsson Research

• Senior Researcher

• Research + Patenting 

• Next Generation WiFi & 5G

[2014 - 2018]



Jouf University [2018…]

Assistant Professor

College of Engineering 



Badminton, Bowling

Weekend dinners

Reading, Writing (poetry, short stories)



Roles

Teacher Researcher



As a teacher

Full Courses SupervisionLabs & Tutorials

• Stochastic Processes

• Statistical DSP & 

Modelling

• Probabilistic Methods in 

Engineering

• Wave Propagation & 

Antennas

• Principles of 

Communications

• Digital Communications

• Satellite Communications

• Circuit Analysis II

• Time Series Analysis

• Signal Theory

• Advanced Control

• Modern Control 

Systems

• Digital Design

Supervised and 
collaborated in 
various grad and 
postgrad theses.



As a researcher

Statistical 
Modelling of 

Signals & 
Systems

Spectroscopy
- Nuclear Quadrupole Resonance (NQR) signal 

detection
- Raman Signal Classification

Spectrum Estimation
- Missing Samples Cases
- Poly-spectra
- Coherence Spectra

Beamforming
- Radar & Sonar
- Pitch Estimation

Communications
- WiFi & 5G
- Antenna Arrays

Control
- Nonlinear Plant Modelling & Control



One of my research projects…



CONPHIRMER Project

Question: how to 

quickly tell whether a 

medicine is fake?



NMR vs. NQR



NQR Signal



NQR Signal Modeling
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Introductions …

• Me

• You

• The Course
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I             hate              this                   course
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I             hate              this                   course
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What is a signal and what is a system? (from 
engineering mathematics perspective)

Chapter 1
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Signals
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Systems
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What are some of the common types of signals and 
systems?

Chapter 1
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Chapter 1

What are some of the useful properties of signals and 
systems?



ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 28



ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 29

Four major ways of modelling and analyzing signals 
and systems.

Chapters 2, 3Time Domain

Laplace

Z-Transform

Fourier

Chapter 4

Chapter 5

Chapters 6, 7, 9
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cos 𝜃
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How do signals and systems interact?

Chapters 2-7
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Noisy 
Channel
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Important Business!!

• 80% attendance is mandatory!

• Textbook
• Lathi, B. P., and Green R. A., Linear Systems and Signals (3rd ed.), NY: Oxford 

University Press (2018)

• Contact
• naveed.butt@giki.edu.pk

• office: FES G-13
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Learning Plan

• Lectures
• Help discover and grasp new concepts

• Quizzes & Assignments
• Help prepare/revise each week’s concepts
• Keep you from lagging behind in course

• Presentation
• Helps learn independent work & presentation
• Prepares for final year project

• Exams (Mid-1, Final)
• Help prepare entire course material

40%

20%

10%

20%

10%

Weightage

Final Mid Assignments Quizzez Project



Course Learning Objectives (CLOs)

CLO # Domain Description Assessment

CLO 1 Cognitive/Applying Apply the basic knowledge of signals and systems to categorize
and solve basic operations of signals and systems.

Quiz, Mid, 
Assign., Final

CLO 2 Cognitive/Applying Calculate parameters related to continuous-time and discrete-
time signals and systems in the time domain.

Quiz, Mid, 
Assign., Final

CLO 3 Cognitive/Analyzing Analyze continuous-time and discrete-time signals and
systems in the transform domains including Laplace, Fourier,

and Z transforms.

Quiz, Mid, 
Assign., Final

CLO 4 Communication Demonstrate the ability to review/implement material
related to signals and systems and formally present the
results.

Presentation
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Questions?? Thoughts??
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Vocabulary

• زبانِ یارِ مَن ترُکی
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Vocabulary – Signals & Systems

• Signal
• System
• Continuous-Time
• Discrete-Time
• Impulse
• Step
• Transform

• Time Domain
• Frequency Domain

• Response
• Convolution
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“Signal”



“Signal”
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A set of data or information!



“Signal”
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A set of data or information!

How do we normally represent data/information?



“Signal”
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A set of data or information!

cos(𝑡)



“Signal”
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Our x-axis is often 
“time” (but doesn’t 

have to be).



“Signal”
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For temperature 
across a rod, x-axis 
could be along the 

length.
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“System”



“System”
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An entity that processes a signal



“System”
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An entity that processes a signal

Can be something 
physical, or just an 

algorithm.
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“Continuous-Time”

“Discrete-Time”
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“Continuous-Time”

“Discrete-Time”

X-axis is a continuous 
variable (can take any 

value in a given range).

X-axis is a discrete variable 
(cannot take all values in a 

given range, e.g. 𝑛 =
1, 2, 3, … )



“Impulse”
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“Impulse”
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“Impulse”
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Sometimes we want to give a very 
brief “touch” to a system to see its 

reaction.
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“Impulse”
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Sometimes we want to give a very 
brief “touch” to a system to see its 

reaction.

Continuous-Time Case



“Impulse”
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Sometimes we want to give a very 
brief “touch” to a system to see its 

reaction.

Discrete-Time Case



“Step”
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Sometimes we want to give a 
sustained “push” to a system to 

see its reaction (or what happens).



“Step”
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Sometimes we want to give a 
sustained “push” to a system to 

see its reaction.

Continuous-Time Case



“Step”
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Sometimes we want to give a 
sustained “push” to a system to 

see its reaction.

Discrete-Time Case



“Transform”
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A transform is an alternate form 
or representation of something.



“Transform”
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This is clearly a sine function. Only 
information I need to record is:
(a) This is a sine function
(b) It has amplitude 1
(c) It has frequency 1 kHz



“Transform”
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A transform is an alternate form 
or representation of something.

Two alternate representations 
of 𝐬𝐢𝐧(𝟏𝟎𝟎𝟎𝒕)

Time Domain

Frequency Domain



“Response”
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Response is what a system does to 
a signal entering it.The Case of Double Shah

Give me one rupee, and I’ll give 
you two!

𝑥 𝑦



“Response”
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Response is what a system does to 
a signal entering it.The Case of Double Shah

Give me one rupee, and I’ll give 
you two!

𝑥 𝑦 = 2𝑥

System “response”, let’s call it ℎ, 
then 𝑦 = ℎ𝑥 with ℎ = 2.



“Convolution”
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“Convolution”
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“Convolution”
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A mathematical operation 

(just as +,−,×,÷) that helps us 

calculate the response of a 

special type of systems.

Convolution is often denoted by ∗
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The Curious (and Completely Made Up) Case of Quadruple Shah

Give me one rupee today, and I’ll 
give you two rupees tomorrow and 

two rupees day-after-tomorrow!
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The Curious (and Completely Made Up) Case of Quadruple Shah

Give me one rupee today, and I’ll 
give you two rupees tomorrow and 

two rupees day-after-tomorrow!

M

1

T W

2 2

1

2 2

M

First 
reaction

Second 
reaction
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The Curious (and Completely Made Up) Case of Quadruple Shah

Give me one rupee today, and I’ll 
give you two rupees tomorrow and 

two rupees day-after-tomorrow!

M

1

T W

2

T Th
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Give me one rupee today, and I’ll 
give you two rupees tomorrow and 

two rupees day-after-tomorrow!

M

1

T WT Th

2 2
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Give me one rupee today, and I’ll 
give you two rupees tomorrow and 

two rupees day-after-tomorrow!

M T W

2

T Th

4 4
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M

1

T W

2

T Th

2 2

4 4

Convolution helps us calculate 
such outputs mathematically.

Tuesday 2 

Wednesday 2+4 = 6

Thursday 4
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1

2 2

2

On Monday you 
get nothing!

Convolution Shortcut: Multiply overlapping cells and add the results! (then slide input right and repeat!)

1

2 2

2

On Tuesday you 
get 2 × 1 = 2

rupees

1

2 2

2

On Wednesday you 
get 2 × 2 + 2 × 1 = 6

rupees

1

2 2

2

On Thursday you get 
2 × 2 = 4 rupees

What you 
give (input)

What the 
system does



We will see a precise formulation of 
convolution later in the course…
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Questions?? Thoughts??
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Signal Basics I

Types

Several classifications 

of signals.

Examples

Some practice 

problems



Engineers like to classify…
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1. Is the x-axis continuous or discrete?

ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 6

“Continuous-Time”

“Discrete-Time”

X-axis is a continuous 
variable (can take any 

value in a given range).

X-axis is a discrete variable 
(cannot take all values in a 

given range, e.g. 𝑛 =
1, 2, 3, … )

Vs.



2. Is the y-axis also discrete (or continuous)?
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“Analog” “Digital”Vs.
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• Most signals in real life are analog.
• Analog = both x and y axes are continuous.

• Continuous? No breaks. Can take any value in a given range.

• e.g., temperature in this room

Continuous in time (e.g., can take any value in shown range)

Continuous in amplitude 
(e.g., can take any value 

in shown range)

Analog
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Digital

• We often digitize analog signal
• Digitize? = make both x and y axes discrete.

“discontinuous” in 
amplitude (e.g., can not 
take values between 3 

and 4, like 3.5 etc.)

discontinuous in time 
(e.g., values taken only at 

fixed times but not in-
between)



3.Does the signal have a repeating pattern?
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“Periodic”

“Aperiodic”

Vs.



Periodic Signal’s Time Period & Frequency
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𝑇0 = time period = length of the 
minimum repeating pattern.

𝑓0 =
1

𝑇0
= fundamental frequency



Periodic Signal’s Time Period & Frequency
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e.g., if 𝑇0 = 6, then

𝑥 0 = 𝑥 0 + 6
𝑥 1 = 𝑥 1 + 6

𝑥 −1 = 𝑥(−1 + 6)



Periodic Signal : Area Under One Period
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Area under one whole period of a 
periodic signal is always the same 
no matter where you start!!



3. Are the Signal Values/Parameters Random?
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“Deterministic”

“Random”

Vs.



3. Are the Signal Values/Parameters Random?
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“Deterministic”

𝑥 𝑡 = sin(2𝜋𝑓𝑡) with 𝑓 = 1 𝑘𝐻𝑧



3. Are the Signal Values/Parameters Random?
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“Random”

𝑥 𝑡 = sin(2𝜋𝑓𝑡)

Value of 𝑓 to be decided by tossing a 
coin

𝑓 = ቊ
1, 𝐻𝑒𝑎𝑑𝑠
2, 𝑇𝑎𝑖𝑙𝑠



4. Does the signal have finite energy or finite 
Power?
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• What are energy and power of a signal?
• Why are they needed?



Measures are important…
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Height, Age, GDP, Stock Index…
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How can we measure a signal?

We often find it useful to look 
at just one value that gives the 
overall effect of a signal. 

For example, in place of looking 
at your semester-wise GPA, 
employer may look at your CGPA.

CGPA = 2.1



Two Common Measures of a Signal: Energy & Power
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Signal Energy is the area 
under the absolute square 
of the signal.



Signal Energy
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𝑥(𝑡) 𝑥 𝑡 2



Signal Energy: why don’t we just use 𝑥(𝑡)?
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Signal Energy: why don’t we just use 𝑥(𝑡)?
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For many signals, area 
under the signal curve 

will turn out to be zero. 
So not a good way of 

measuring signal.

න

−∞

∞

𝑥 𝑡 𝑑𝑥 = 0



Energy Signal = A signal that has finite energy 
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≠ ∞



Energy Signal = A signal that has finite energy 
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≠ ∞

Which one has 
finite energy?



Many theoretical signals do 
not have a finite energy…
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In that case it is more useful to 
measure their average energy 
per unit time (called “Power”)



Many theoretical signals do 
not have a finite energy…
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In that case it is more useful to 
measure their average energy 
per unit time (called “Power”)



Power Signal = A signal whose power is neither 
infinite nor zero.
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≠ ∞

and

≠ 0



Energy & Power – Some interesting facts…
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• There are signals that are neither energy signals nor 
power signals

• An energy signal can never be a power signal
• A power signal can never be an energy signal
• All practical (real-life) signals are energy signals
• Periodic signals are often power signals



For a periodic signal the power formula can 
be simplified to:
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𝑃𝑥 =
1

𝑇0
න

−𝑇0/2

𝑇0/2

𝑥 𝑡 2𝑑𝑡

i.e., integrate over one period and 
divide by the period (𝑇0).



RMS – root-mean-squared value
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𝑟𝑚𝑠 = 𝑃𝑥



Examples
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First we note that
• The signal is infinitely long, and not decaying
• It is periodic with period 𝑇0 = 2
• Its period from -1 to 1 can be modeled as 𝑥 𝑡 = 𝑡
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𝐸𝑥 = ∞

𝑟𝑚𝑠 = 𝑃𝑥 =
1

3

Since power is finite and 
non-zero, we conclude that 
this is a Power Signal.
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First we note that
• The signal is infinitely long, but asymptotically decaying
• It is not periodic
• It can be modeled as

• 𝑥 𝑡 = ቊ
2, −1 ≤ 𝑡 ≤ 0

2𝑒−𝑡/2, 𝑡 ≥ 0
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- Since energy is finite, this is an Energy Signal
- Since energy signals cannot be power signals, 

this is not a power signal.
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cos 𝜔0𝑡 = cos 𝜔0 𝑡 + 𝑇0

Show that cos(𝜔0𝑡) is periodic, with period 𝑇0 =
2𝜋

𝜔0

For periodicity, we must have (for all 𝑡):

𝑅𝐻𝑆 = cos 𝜔0 𝑡 +
2𝜋

𝜔0
= cos 𝜔0𝑡 + 2𝜋 =cos(𝜔0𝑡) = 𝐿𝐻𝑆

Since cos 𝜃 is periodic, with period 2𝜋
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Questions?? Thoughts??
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Signal Basics II

Operations

Messing with signals

Examples

Some practice 

problems

Models

Common signals



Systems often alter signals. It 
is good to know some of these 
changes…
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1. Time-Shifting
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Original signal

Right-shifted (delayed), i.e. 
occurs later than the original.

Left-shifted (advanced), i.e. 
occurs earlier than the 

original.



1. Time-Shifting: How to write mathematically?
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a b c

𝑡 0 1 2 3 4 5 6

a b c

𝑥 2 = 𝑎, 𝑥 3 = 𝑏, 𝑥 4 = 𝑐

2

𝑥(𝑡)

𝑥(𝑡 − 2)



1. Time-Shifting: How to write mathematically?
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a b c

𝑡 0 1 2 3 4 5 6

a b c

𝑥 2 = 𝑎, 𝑥 3 = 𝑏, 𝑥 4 = 𝑐

𝑥𝑟 4 = 𝑎, 𝑥𝑟 5 = 𝑏, 𝑥𝑟 6 = 𝑐

𝑥𝑟 4 = 𝑥 2 = 𝑎
𝑥𝑟 5 = 𝑥 3 = 𝑏
𝑥𝑟 6 = 𝑥 4 = 𝑐

2

𝑥(𝑡)

𝑥(𝑡 − 2)



1. Time-Shifting: How to write mathematically?
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a b c

𝑡 0 1 2 3 4 5 6

a b c

𝑥 2 = 𝑎, 𝑥 3 = 𝑏, 𝑥 4 = 𝑐

𝑥𝑟 4 = 𝑎, 𝑥𝑟 5 = 𝑏, 𝑥𝑟 6 = 𝑐

𝑥𝑟 4 = 𝑥 2 = 𝑎
𝑥𝑟 5 = 𝑥 3 = 𝑏
𝑥𝑟 6 = 𝑥 4 = 𝑐

2

𝑥(𝑡)

𝑥(𝑡 − 2)



1. Time-Shifting: How to write mathematically?
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a b c

𝑡 0 1 2 3 4 5 6

a b c

𝑥 2 = 𝑎, 𝑥 3 = 𝑏, 𝑥 4 = 𝑐

𝑥𝑟 4 = 𝑎, 𝑥𝑟 5 = 𝑏, 𝑥𝑟 6 = 𝑐

𝑥𝑟 4 = 𝑥 2 = 𝑎
𝑥𝑟 5 = 𝑥 3 = 𝑏
𝑥𝑟 6 = 𝑥 4 = 𝑐

𝑥𝑟 𝑡 = 𝑥(𝑡 − 2)

2

𝑥(𝑡)

𝑥(𝑡 − 2)



1. Time-Shifting: How to write mathematically?
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a b c

𝑡 0 1 2 3 4 5 6

a b c

𝑥 2 = 𝑎, 𝑥 3 = 𝑏, 𝑥 4 = 𝑐

𝑥𝑟 4 = 𝑎, 𝑥𝑟 5 = 𝑏, 𝑥𝑟 6 = 𝑐

𝑥𝑟 4 = 𝑥 2 = 𝑎
𝑥𝑟 5 = 𝑥 3 = 𝑏
𝑥𝑟 6 = 𝑥 4 = 𝑐

𝑥𝑟 𝑡 = 𝑥(𝑡 − 2)

2

𝑥(𝑡)

𝑥(𝑡 − 2)

In general, for a right-
shift of 𝑇 units, we can 
write the new signal as

𝒙(𝒕 − 𝑻)



1. Time-Shifting: How to write mathematically?
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a b c

𝑡 0 1 2 3 4 5 6

a b c

𝑥 2 = 𝑎, 𝑥 3 = 𝑏, 𝑥 4 = 𝑐

𝑥𝑙 0 = 𝑎, 𝑥𝑙 1 = 𝑏, 𝑥𝑙 2 = 𝑐

𝑥𝑙 0 = 𝑥 2 = 𝑎
𝑥𝑙 1 = 𝑥 3 = 𝑏
𝑥𝑙 2 = 𝑥 4 = 𝑐

𝑥𝑙 𝑡 = 𝑥(𝑡 + 2)

2

𝑥(𝑡)

𝑥(𝑡 + 2)

In general, for a left-
shift of 𝑇 units, we can 
write the new signal as

𝒙(𝒕 + 𝑻)



1. Time-Shifting: How to write mathematically?
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Delayed or Advanced? Easy trick to remember:

𝑥(𝑡 − 𝑇)

Put 𝑡 = 0 𝑥𝑠 𝑡 = 𝑥(𝑡 − 𝑇)
So, whatever happens at 0

now, originally happened at 
− 𝑇, which means we are now 

delayed!!

Assuming 𝑇 ≥ 0

𝑥𝑠 0 = 𝑥(−𝑇)



1. Time-Shifting: How to write mathematically?
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Delayed or Advanced? Easy trick to remember:

𝑥(𝑡 − 𝑇)

Put 𝑡 = 0 𝑥𝑠 𝑡 = 𝑥(𝑡 − 𝑇)
So, whatever happens at 0

now, originally happened at 
− 𝑇, which means we are now 

delayed!!

Assuming 𝑇 ≥ 0

A funny way to remember: No body likes 
delays (i.e., they are a negative thing)

𝑥𝑠 0 = 𝑥(−𝑇)



1. Time-Shifting: How to write mathematically?
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Delayed or Advanced? Easy trick to remember:

𝑥(𝑡 + 𝑇)

Put 𝑡 = 0 𝑥𝑠ℎ 𝑡 = 𝑥(𝑡 + 𝑇)
So, whatever happens at 0

now, originally happened at 𝑇,
which means we are now 

advanced!!

Assuming 𝑇 ≥ 0

𝑥𝑠ℎ 0 = 𝑥(𝑇)



1. Time-Shifting: Example
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Q. Write the one-second delayed 
version of this signal



1. Time-Shifting: Example
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Q. Write the one-second delayed 
version of this signal

Step 1



1. Time-Shifting: Example
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Q. Write the one-second delayed 
version of this signal

Step 1

Step 2



1. Time-Shifting: Example (plotting)
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2. Time-Scaling
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Original signal

Compressed, i.e. “played” 
faster

Expanded, i.e. “played” 
slower



2. Time-Scaling: How to write mathematically?
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a b  c  d e 

𝑡 -3 -2 -1 0 1 2 3

𝑥 −1 = 𝑎, 𝑥 0 = 𝑐, 𝑥 1 = 𝑒

𝑥𝑒 −2 = 𝑎, 𝑥𝑒 0 = 𝑐, 𝑥𝑒 2 = 𝑒

𝑥𝑒 −2 = 𝑥 −1 = 𝑎
𝑥𝑒 0 = 𝑥 0 = 𝑐
𝑥𝑒 2 = 𝑥 1 = 𝑒

𝑥(𝑡/2) a      b      c      d       e 

𝑥(𝑡)



2. Time-Scaling: How to write mathematically?
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a b  c  d e 

𝑡 -3 -2 -1 0 1 2 3

𝑥 −1 = 𝑎, 𝑥 0 = 𝑐, 𝑥 1 = 𝑑

𝑥𝑒 −2 = 𝑎, 𝑥𝑒 0 = 𝑐, 𝑥𝑒 2 = 𝑒

𝑥𝑒 −2 = 𝑥 −1 = 𝑎
𝑥𝑒 0 = 𝑥 0 = 𝑐
𝑥𝑒 2 = 𝑥 1 = 𝑒

𝑥𝑒 𝑡 = 𝑥(𝑡/2)

𝑥(𝑡/2) a      b      c      d       e 

𝑥(𝑡)



2. Time-Scaling: How to write mathematically?
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And for a time-scaling (compression) by a factor 𝑎 > 1, we can write the 
compressed signal as

𝑥 𝑎𝑡

In general, for a time-scaling (expansion) by a factor 𝑎 > 1, we can write 
the expanded signal as

𝑥 𝑡/𝑎



2. Time-Scaling: Example
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Q. Write a compressed version of the 
signal, with compression factor 𝒂 = 𝟑.

Step 1

Step 2



2. Time-Scaling: Example (plotting)
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3. Time-Reversal
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Original signal

Time-reversed, i.e. “flipped” 
horizontally



3. Time-Reversal: How to write mathematically?
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a b c

𝑡 -3 -2 -1 0 1 2 3

c b a

𝑥 1 = 𝑎, 𝑥 2 = 𝑏, 𝑥 3 = 𝑐𝑥(𝑡)

𝑥(−𝑡)



3. Time-Reversal: How to write mathematically?
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a b c

𝑡 -3 -2 -1 0 1 2 3

c b a

𝑥 1 = 𝑎, 𝑥 2 = 𝑏, 𝑥 3 = 𝑐

𝑥𝑓 −1 = 𝑎, 𝑥𝑓 −2 = 𝑏, 𝑥𝑓 −3 = 𝑐

𝑥𝑓 −1 = 𝑥 1 = 𝑎

𝑥𝑓 −2 = 𝑥 2 = 𝑏

𝑥𝑓 −3 = 𝑥 3 = 𝑐

𝑥𝑓 𝑡 = 𝑥(−𝑡)

𝑥(𝑡)

𝑥(−𝑡)

In general, after time 
reversal the new signal 

can be written as
𝒙(−𝒕)



3. Time-Reversal: Example
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Q. Write the time-reversed version of 
the given signal.



3. Time-Reversal: Example
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Q. Write the time-reversed version of 
the given signal.

Step 1 𝑥𝑓 𝑡 = 𝑥(−𝑡)



3. Time-Reversal: Example
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Q. Write the time-reversed version of 
the given signal.

Step 1

Step 2

𝑥𝑓 𝑡 = 𝑥(−𝑡)



3. Time-Reversal: Example (plotting)
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It is good to be intimately 
familiar with some signals 
that show up again and again 
and again and…

ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 31



1.1 Unit Step
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DC source

Load



1.1 Unit Step: Graph & Equation
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Q. How can we limit a signal so 
it doesn’t start before  𝑡 = 0?
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Answer: multiply it with unit step!!



1.2. Multiplication with a Unit Step 
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𝑥 𝑡 = cos 𝜔𝑡



1.2 Multiplication with a Unit Step 
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1.2 Multiplication with a Unit Step 

ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 37

𝑦 𝑡 = cos 𝜔𝑡 × 𝑢(𝑡)



1.2 Multiplication with a Unit Step 
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𝑦 𝑡 = ቊ
cos(𝜔𝑡) , 𝑡 ≥ 0
0, 𝑡 < 0



1.3 Writing a Piece-Wise Function in terms of Unit Step 
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𝑥 𝑡 = ቊ
𝑒−𝑎𝑡 , 𝑡 ≥ 0
0, 𝑡 < 0

𝑥 𝑡 = 𝑒−𝑎𝑡𝑢(𝑡)



1.4 Time-Shifting a Unit Step 
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𝑢 𝑡 − 𝑇 = ቊ
1, 𝑡 − 𝑇 ≥ 0
0, 𝑡 − 𝑇 < 0

𝑢 𝑡 − 𝑇 = ቊ
1, 𝑡 ≥ 𝑇
0, 𝑡 < 𝑇



1.4 Time-Shifting a Unit Step 
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𝑢 𝑡 − 𝑇 = ቊ
1, 𝑡 − 𝑇 ≥ 0
0, 𝑡 − 𝑇 < 0

𝑢 𝑡 − 𝑇 = ቊ
1, 𝑡 ≥ 𝑇
0, 𝑡 < 𝑇

𝑡 = 𝑇



1.5 Making off-on-off (rectangular pulse) with Unit Step 
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𝑢 𝑡 − 2 = ቊ
1, 𝑡 ≥ 2
0, 𝑡 < 2



1.5 Making off-on-off (rectangular pulse) with Unit Step 
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𝑢 𝑡 − 2 = ቊ
1, 𝑡 ≥ 2
0, 𝑡 < 2

−𝑢 𝑡 − 4 = ቊ
−1, 𝑡 ≥ 4
0, 𝑡 < 4

𝑥 𝑡 = 𝑢 𝑡 − 2 − 𝑢 𝑡 − 4 = ቐ
0, 𝑡 < 2
1 + 0, 2 ≤ 𝑡 < 4
1 − 1, 𝑡 ≥ 4



2.1 Unit Impulse Function
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2.1 Time-Shifting a Unit Impulse
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𝛿 𝑡 − 𝑇 = 0 𝑡 − 𝑇 ≠ 0

𝑡 = 𝑇𝛿 𝑡 − 𝑇 = 0 𝑡 ≠ 𝑇



2.2 Multiplying a Function with Unit Impulse

ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 46

𝑡 = 𝑇

𝜙(𝑇)

𝜙(𝑡)

𝑡 = 𝑇

𝜙 𝑇 𝛿(𝑡 − 𝑇)

Impulse scaled to 𝜙(𝑇)



2.3 Sampling Property of Unit Impulse
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𝑡 = 𝑇

𝜙 𝑇 𝛿(𝑡 − 𝑇)

So we get the 
value/sample of the 
function 𝜙(𝑡) at 𝑇.

𝑡 = 𝑇

𝜙(𝑇)

Integration



2.4 Relation Between Unit Step & Unit Impulse
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2.5 Examples
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Show that 𝑡3 + 3 𝛿 𝑡 = 3𝛿(𝑡)

Let  𝜙 𝑡 = 𝑡3 + 3, then using:

For us 𝑇 = 0, which gives 𝜙 𝑡 𝛿 𝑡 = 𝜙 0 𝛿(𝑡)

𝑡3 + 3 𝛿 𝑡 = 03 + 3 𝛿 𝑡 = 3𝛿(𝑡)



2.6 Examples
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Use this, with 𝜙 𝑡 = 𝑒−𝑗𝜔𝑡 and 𝑇 = 0

𝜙 0 = 𝑒−𝑗𝜔×0 = 1
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Questions?? Thoughts??
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Signal Basics III

Complex 

Numbers

Quick Revision

Examples

Some practice 

problems

Models

Complex Exponential
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Plotting a Complex Number
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𝑗
Plotting a Complex Number
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0

𝑗
Plotting a Complex Number
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0

𝑗

𝑎

b

𝑎 + 𝑗𝑏 = 𝑧

Plotting a Complex Number
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0

𝑗

𝑎

b

𝑎 + 𝑗𝑏 = 𝑧

Q. What is the length of 𝑧?

A. Modulus of 𝑧, i.e., |𝑧| 𝑧2 = 𝑎2 + 𝑏2

𝑟 = 𝑧 = 𝑎2 + 𝑏2

𝑟
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0

𝑗

𝑎

b

𝑎 + 𝑗𝑏 = 𝑧

Q. What is the angle of 𝑧?

A.       𝜃 = tan−1
𝑏

𝑎

𝑟

𝜃
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0

𝑗

𝑎

b

𝑎 + 𝑗𝑏 = 𝑧

Q. Can we write 𝑎 and 𝑏 in terms of 𝑟 and 𝜃?

𝑎 = 𝑟 cos 𝜃
𝑏 = 𝑟 sin 𝜃

𝑟

𝜃



ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 11

0

𝑗

𝑎

b

𝑎 + 𝑗𝑏 = 𝑧

Q. Can we write 𝑧 in terms of 𝑟 and 𝜃?

𝑧 = 𝑎 + 𝑗𝑏

𝑟

𝜃

𝑧 = 𝑟 cos 𝜃 + 𝑗𝑟 sin 𝜃

𝑧 = 𝑟(cos 𝜃 + 𝑗 sin 𝜃)
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0

𝑗

𝑎

b

𝑎 + 𝑗𝑏 = 𝑧

Q. Can we use Euler’s identity to make 𝑧 look nicer?

𝑟

𝜃

𝑧 = 𝑟𝑒𝑗𝜃

𝑒𝑗𝜃 = cos 𝜃 + 𝑗 sin 𝜃

𝑧 = 𝑟(cos 𝜃 + 𝑗 sin 𝜃)
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0

𝑗

𝑎

b

𝑎 + 𝑗𝑏 = 𝑧

Q. What happens if I change the sign of 𝑗?

𝑟

𝜃

𝑧∗ = 𝑟𝑒−𝑗𝜃

𝑧∗ = 𝑎 − 𝑗𝑏

A. You get a flipped version of 𝑧
that we call conjugate of 𝑧

𝑎 − 𝑗𝑏 = 𝑧∗



Summary
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Cartesian form 𝑧 = 𝑎 + 𝑗𝑏

𝑧 = 𝑧 𝑒𝑗𝜃 = 𝑟𝑒𝑗𝜃

𝑟 = |𝑧| = 𝑎2 + 𝑏2

𝜃 = tan−1
𝑏

𝑎

𝑎 = 𝑟 cos 𝜃
𝑏 = 𝑟 sin 𝜃

Polar form

Cartesian 
to Polar

Polar to 
Cartesian



Some Interesting Results
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𝑧∗ ∗ = 𝑧

𝑧𝑧∗ = 𝑧 2

𝑒𝑗𝜃 = cos2 𝜃 + sin2 𝜃 = 1

𝑒𝑗2𝜋𝑛 = 1 (n = integer)



Example
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Example
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Example
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A Sine and a Cosine Walk Into an 
Imaginary Bar…
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The Complex Sinusoid - 𝑒𝑗𝜔𝑡
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cos 𝜔𝑡

sin 𝜔𝑡



The Complex Sinusoid - 𝑒𝑗𝜔𝑡
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cos 𝜔𝑡 + 𝑗 sin 𝜔𝑡



The Complex Sinusoid - 𝑒𝑗𝜔𝑡
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= cos 𝜔𝑡 + 𝑗 sin 𝜔𝑡



The Complex Exponential - 𝑒𝑠𝑡

ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 24

𝑒𝑠𝑡 = 𝑒 𝜎+𝑗𝜔 𝑡 = 𝑒𝜎𝑡𝑒𝑗𝜔𝑡

Complex sinusoid
Exponential 
decay or growth 



The Complex Exponential:  𝑒𝑠𝑡
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= 𝑒𝜎𝑡 𝑒𝑗𝜔𝑡

𝜎 = 0 𝜎 < 0



Example
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Smallest value of 𝑇 occurs at 𝑚 = 1, and we call it the fundamental time-period 𝑇0 =
2𝜋

𝜔0



Even vs Odd Signals
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Even function – symmetric 
about the vertical axis.

Odd function – anti-symmetric 
about the vertical axis.



Products of Even and Odd Functions
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Products of Even and Odd Functions
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Integrals of Even and Odd Functions
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Writing a signal as sum of Even and Odd
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Examples
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Questions?? Thoughts??
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Spectra – the Ghosts in Your Signal
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Q. Can we write signals as sums of 
periodic functions (frequencies)?
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This is exactly what Fourier Transform 
does – it tries to write every signal as a 

sum of sinusoids.



Q. Can we write signals as sums of 
periodic functions (frequencies)?
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Baking a Fourier Cake
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• Given: Signal shape (time-domain)
• Ingredients: Sinusoids of different frequencies
• Choose: How much of the each ingredient (sinusoid) to use?
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• In Fourier Transform, we want to look at signals in terms of a fixed set 
of ingredients
• Ingredients : Sinusoids of different frequencies

=
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• In Fourier Transform, we want to look at signals in terms of a fixed set 
of ingredients
• Ingredients : Sinusoids of different frequencies

=

Ingredient
(sinusoid frequency)

Amount 
(scaling)

Process

f1 1 Add all

f2 0.5

f3 0.25
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• How is this shown after Fourier transform?

Ingredient
(sinusoid frequency)

Amount 
(scaling)

Process

5 Hz 1 Add all

10 Hz 0.5

15 Hz 0.25

Scaling

Frequency (Hz)

5 10 15

1

0.5

0.25
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• We mostly skip the middle steps

Scaling

Frequency (Hz)

5 10 15

1

0.5

0.25

Fourier Transform

Inverse
Fourier Transform

Time

A
m

p
lit

u
d

e
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Fourier 
Transform = ?
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Some Fourier Transforms (Visual)

As frequencies increase, the FT peaks move outwards 
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Q. Is it always possible to write signals as 
sums of sinusoids?

ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 25



Q. Is it always possible to write signals as 
sums of sinusoids?
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• No. There are theoretical signals that do not have a 
Fourier Transform (e.g., 𝑒−𝑎𝑡𝑢(𝑡) with 𝑎 < 0).

• However, all physically realizable signals have Fourier 
Transforms.



Q. Why Use Periodic Functions (frequencies)?
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A large number of physical 
phenomena have underlying 
periodicities (frequencies)…

ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 28



ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 29



ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 30



ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 31



ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 32



Q. Why Sinusoids?
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Why not other types of periodic 
functions?



Q. Why Sinusoids?
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• Smooth (analytically simpler, e.g., differentiable, integrable…)

• Nicely reflect behavior of natural phenomena (to-and-fro motions)



Q. Why Sinusoids?
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In fact, Fourier Transform does not 
use just sinusoids, it uses complex 

sinusoids!!!
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Why?
• More general than real sinusoids
• More elegant analytically and in calculations



A Sine and a Cosine Walk Into an 
Imaginary Bar…
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And what exactly was a complex sinusoid?



The Complex Sinusoid - 𝑒𝑗𝜔𝑡
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cos 𝜔𝑡

sin 𝜔𝑡



The Complex Sinusoid - 𝑒𝑗𝜔𝑡
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cos 𝜔𝑡 + 𝑗 sin 𝜔𝑡



The Complex Sinusoid - 𝑒𝑗𝜔𝑡
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= cos 𝜔𝑡 + 𝑗 sin 𝜔𝑡



Mathematically Speaking…
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Mathematically Speaking…
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Questions?? Thoughts??
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Q. Can we write signals as sums of 
periodic functions (frequencies)?
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Baking a Fourier Cake
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• Given: Signal shape (time-domain)
• Ingredients: Sinusoids of different frequencies
• Choose: How much of the each ingredient (sinusoid) to use?
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• In Fourier Transform, we want to look at signals in terms of a fixed set 
of ingredients
• Ingredients : Sinusoids of different frequencies

=
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• In Fourier Transform, we want to look at signals in terms of a fixed set 
of ingredients
• Ingredients : Sinusoids of different frequencies

=

Ingredient
(sinusoid frequency)

Amount 
(scaling)

Process

f1 1 Add all

f2 0.5

f3 0.25
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• How is this shown after Fourier transform?

Ingredient
(sinusoid frequency)

Amount 
(scaling)

Process

5 Hz 1 Add all

10 Hz 0.5

15 Hz 0.25

Scaling

Frequency (Hz)

5 10 15

1

0.5

0.25
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• We mostly skip the middle steps

Scaling

Frequency (Hz)

5 10 15

1

0.5

0.25

Fourier Transform

Inverse
Fourier Transform

Time

A
m

p
lit

u
d

e



FT – Pairs and Rules-of-Thumb
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Some Fourier Transforms (Visual)

Not changing 
(frequency = 0)

0
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Rule1: As frequency increases, the FT peaks move outwards 
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Rule 2: Damping causes spread
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Rule 3: Sharp changes (edges) require a lot of frequencies
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Rule 3: Sharp changes (edges) require a lot of frequencies

… and an extremely sharp change 
(impulse) requires ALL the frequencies!!
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Rule 4: Periodic functions 
have discrete spectra. 
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Rule 5: Multiple effects 
can be combined.
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Rule 6: Duality
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Questions?? Thoughts??
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In the last few months, we have 
seen…
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What is a signal and what is a system? (from 
engineering mathematics perspective)

Chapter 1
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What are some of the common types of signals and 
systems?

Chapter 1
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Chapter 1

What are some of the useful properties of signals and 
systems?
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What are some of the major ways of modelling and 
analyzing signals and systems?

Chapters 2, 3Time Domain

Laplace

Z-Transform

Fourier

Chapter 4

Chapter 5

Chapters 6, 7
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How do signals and systems interact?

Chapters 2-7
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8

Noisy 
Channel



Let us now look at some practical 
applications of what we’ve learned…
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• Examples from my own research: Material Identification
• Analyzing circuits : Laplace Transform
• Wireless Communications : Z Transform
• Filter Design : Fourier Transform



CONPHIRMER Project

Question: how to 

quickly tell whether a 

medicine is fake?



NMR vs. NQR



NQR Signal



NQR Signal Modeling



Let us now look at some practical 
applications of what we’ve learned…
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• Examples from my own research: Material Identification
• Analyzing circuits : Laplace Transform
• Wireless Communications : Z Transform
• Filter Design : Fourier Transform



“System”
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An entity that processes a signal

Can be something 
physical, or just an 

algorithm.



Example of a System
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Example of a System
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𝑥(𝑡) 𝑦(𝑡)



System Modeled as a Differential Equation 
(Time-Domain)
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Using Laplace (Frequency Domain) to Solve 
and Analyze the System
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Using Laplace (Frequency Domain) to Solve 
and Analyze the System
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Put values and use PFE to get 
inverse Laplace.



Using Laplace (Frequency Domain) to Solve 
and Analyze the System
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Analysis: what are the initial and final (steady-
state) values of 𝑖𝐿(𝑡)?
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𝑖𝐿 ∞ = lim
𝑠→0

𝑠𝐼𝐿 𝑠 = 𝐼𝑑𝑐

Assuming zero ICs

𝑖𝐿 0 = lim
𝑠→∞

𝑠𝐼𝐿 𝑠 = 0

Do these values make sense?



Let us now look at some practical 
applications of what we’ve learned…
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• Examples from my own research: Material Identification
• Analyzing circuits : Laplace Transform
• Wireless Communications : Z Transform
• Filter Design : Fourier Transform



Multipath Signals in Wireless Communications
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How do we model the signal (plus echoes) 
and remove the echoes?



Discrete-Time System Model
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Perhaps only the green and red components 
are strong (and the rest are very weak)? If 
so, our model may look like:



Using Z Transform (Frequency Domain) to 
Analyze and “Fix” the System
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𝑌 𝑧 = 𝑋 𝑧 − 0.8𝑍−11𝑋[𝑧]

𝑌 𝑧 = 1 − 0.8𝑍−11 𝑋[𝑧]

“System” Transfer Function 𝑯[𝒛]



Using Z Transform (Frequency Domain) to 
Analyze and “Fix” the System
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𝑋[𝑧] 𝑌[𝑧]
𝐻[𝑧]

The environment behaves as 
a “comb” filter. How may we 
remove this effect to get 
original signal back?
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𝑋[𝑧]
𝑌[𝑧]

𝐻[𝑧]

The environment behaves as 
a “comb” filter. How may we 
remove this effect to get 
original signal back?

One way is to pass the 
received signal through a 
filter that cancels the zeros 
and poles of the system.

𝐺[𝑧] 𝑋[𝑧]
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𝑋[𝑧]
𝑌[𝑧]

𝐻[𝑧]

To get 𝑿 𝒛 = 𝑿[𝒛] we must have 𝑯 𝒛 𝑮 𝒛 = 𝟏, which gives:

𝐺[𝑧] 𝑋[𝑧]

This filter will remove the effect of multipath and give our original signal back.
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𝑋[𝑧]
𝑌[𝑧]

𝐻[𝑧] 𝐺 𝑧 =
1

𝐻[𝑧]
𝑋[𝑧]

Example signals.



Let us now look at some practical 
applications of what we’ve learned…
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• Examples from my own research: Material Identification
• Analyzing circuits : Laplace Transform
• Wireless Communications : Z Transform
• Filter Design : Fourier Transform



Example of a Low Pass Filter
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Using Fourier Transform Determine How the 
Filter’s Cutoff Frequency is Linked to 𝑅 and 𝐶
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How should you change 𝑹 and 𝑪 if you would 
like to increase (or decrease) the cut-off 
frequency?
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Questions?? Thoughts??
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